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INTRODUCTION 
 

Fast development of Cardan mechanisms and their’ even wider usage are 
implicated by development of agricultural and transport mechanical engineering. The area 
of Cardan mechanisms usage, its exploitation properties, reliability and function ability in 
different exploitation conditions are determined by its constructional characteristics. Cardan 
mechanisms are used in many area of mechanical engineering as mechanical power 
transmitters, and its general classification is done on the constructional possibilities of 
torque transmitting. In present mechanical construction, the Cardan mechanisms with cross 
shaft is commonly used [11]. At tractors and other working machines, the Cardan shaft is 
used for transmission of power from the engine to the devices that are not rigidly connected 
with the engine (additional devices, tractor trailer, ...) for connecting shaft. Cardan 
transmitters are widely used at agricultural equipment due to possibility of continual 
changing of relative position of shafts in transmitter mechanism in exploitation caused by 
changing of terrain and characteristics of technological process. The present researches of 
Cardan shafts are focused on improvement of its reliability in exploitation at agricultural 
equipment that works in even harder conditions. 

The causes of failures and design of power transmitters with Cardan shafts are 
analyzed by many researches. Hummel and Chassapis [2] researched on the design of the 
universal joints. They give some suggestions on the configuration design and optimization 
of universal joints with manufacturing tolerances [3]. Bayrakceken et al. [1] performed the 
fracture analysis of a universal joint yoke and a drive shaft of an automobile power 
transmission system. Spectroscopic analyses, metallographic analyses and hardness 
measurements are carried out for each part. For the determination of stress conditions at the 
failed section, stress analyses are also carried out by the finite element method (FEM). The 
reference [8] considered modification of design of Cardan shaft in order to avoid failures 
during exploitation period. The modifications of designs are analyzed by finite elements 
methods and the best modification of design with decrease of dimensions of input Cardan 
joint yoke is identified. 

For the rational design, safety and reliability evaluations of machines’ elements it is 
necessary to determine the stress levels and its distributions in the critical zones. The stress 
level and its distributions depend on load characteristics so as on the shape of the machines’ 
elements.  At the zones with variation in shape and dimensions of cross section the stresses 
are irregularly distributed and the maximal stresses are far greater than nominal stresses. 
Besides that, the multiple stress concentrations as the consequence of multiple stresses 
concentrators influence are induced [6]. For the aim of reducing the stress concentration the 
design and technological procedures are done. By the increase of fillets at critical zones, the 
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stress concentrations can be significantly reduced. But, the possibilities of this procedure are 
limited due to interferes with axial support of bearings. In the paper [5] the procedure of 
identification of optimal combination of shape and dimensions of shape transition zones 
from the aspects of maximal stresses reductions is shown. 

By the analysis of information and data obtained in many researches related to this 
area referred the fact that exploitation reliability of Cardan shaft in working machines are 
directly determined primary by reliability of needle bearing and cross shafts. Roller bearings 
and cross shafts work in very hard conditions because in exploitation high impacts loads are 
provoked. The main causes of high impact loads are inhomogenity of ground and variation 
on operation angles due to agri-technical condition in which agriculture equipment is used. 
In those causes operation angle can overcome the defined limit. In the cause when Cardan 
shafts worked with high operating angles the increase of inertial forces are induced that act 
on roller bearings and Cardan shaft with external load. This processes lead to severe 
damages of roller bearings and cross shafts that have failure and breakage of Cardan shaft, 
as consequence. To the aim the better understanding of possibilities of improves the 
reliability of working machines the object of research that is presented in this paper, is the 
analysis of the influence of variation in position of output shaft to load on the Cardan joint 
cross shaft. 
 
1. KINEMATIC OF CARDAN MECHANISMS 
 

A universal joint is a positive, mechanical connection between rotating shafts, 
which are usually not parallel, but intersecting. They are used to transmit motion, power or 
both. 
 

 
 

Figure 1: Single Cardan joint [12] 
 

The simplest and most common type is called Cardan joint or Hooke joint. It is 
shown at Figure 1 and it consists of two yokes, one on each shaft, connected by a cross–
shaped intermediate member called the cross shaft. The angle between the two shafts is 
called the operating angle and it is, in general, but not necessary, constant during operation. 
Good design practice requires low operation angles, often less than 25°, depending on the 
application. Independent of this guideline, mechanical interference in the construction of 
Cardan joints limits the operating angle to a maximum value that depends on its proportions. 

The main property of the Cardan mechanisms is possibility of changing the rotation 
speed ratio. Amplitude of periodical variation of rotation speed ratio depends on value of the 
angle between input and output shafts [10], [11]. The relation between the rotation angles of 
input and output shafts is function of their’ relative positions in the area. 

Independently of types and constructional solutions of Cardan mechanisms the 
basic kinematic relations are equivalent. The Cardan mechanism with angle α12 between 
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shafts is presented at Fig. 1. If the rotation angle of input shaft is φ1 then rotation angle of 
the output shaft is φ2. The relation between those angles presents the basic kinematic 
principle that is given in the following form [11]: 
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The difference in value of angles φ1 and φ2 implicate the difference in rotational 

speeds of the corresponding shafts (ω1=dφ1/dt, ω2=dφ2/dt) and the value of that difference 
in rotational speeds can be obtained by differentiation of the equitation (1). By applying 
certain trigonometrical transformation the relation for rotation speed ratio of Cardan 
mechanism can be obtained [11]: 
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Diagram of relations between certain kinematic parameters at Cardan mechanism is 
presented at Fig. 2, Fig. 3 and Fig. 4. 
 

 
 

Figure 2: The relations between the rotation angles of shafts at Cardan joint 
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Figure 3: The difference of rotation angles of input and output shafts at Cardan joint 
 

 
 

Figure 4: Ratio between the angular velocities i21=ω2/ω1 
 

2. CALCULATION OF STRESSES ON CARDAN JOINT CHROSS SHAFT AT 
DIFFERENT ROTATION ANGLES 
 

The elements of Cardan joint are loaded by complex loads on flexion, torsion, 
shear and surface pressure. The different phenomena of failures in material can be induced 
in exploitation due to overload that could lead to damages and breakages of Cardan joint 
elements. The usual zones in which those failures occurred are zones at the basis of 
branches of the Cardan joint yoke. The initial cracks as causes of failures often started on 
the cross shaft in the zone of hole below the lubrication spot. Kinematic of power 
transmitters with Cardan joints is very specific from the aspect of variation in relative 
positions of input and output shafts that cause the variation of maximal stresses at branches 
and central zone of the cross shaft. 
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2.1 Calculation of stresses by analytic method 
 

The research presented in the paper [5] implicate that maximal stresses at the basis 
of the branches of the cross shaft can be significantly reduced by modifications of shape and 
fillet at the zones of shape transitions. The conducted research implicate that optimal design 
solution of shape transition zone from the central part to the branches is one with bigger 
level of fillet and chamfer with angle less of 45° to the cylindrical part for the base of needle 
bearing. The calculation of stresses by analytic method is done for the design of cross shaft, 
presented at Fig. 5. The dimensions of considered model are limited by construction 
requirements. The basic properties of considered power transmitter with Cardan joint are: 
power P=25 kW, number of rotation n=1500 min-1, distance between top of branches and 
critical cross section h1=21.5 mm, the length of bearing zone h2=17.5 mm, distance between 
two top sides of opposite branches  L=70 mm, diameter of branches d=18 mm, diameter of 
hole for supply of lubricant d1=4 mm, the angle between input and output Cardan joint 
yokes is α12=(0÷55º).  
 

 
 

Figure 5: Dimensions and shape of cross shaft 
 

The determined value of stress presents the maximal value of stress at critical cross 
section. This value is not determined for the real shape of cross shaft that enclose the 
presence of stress concentrators, so for determination of stresses at real model of cross shaft 
the numerical method must be used. From the aspect that cross shafts can be made of 
different steel grades, some data obtained in exploitation indicate that it is beneficial if 
bending stress do not exceed 150 MPa [11]. The torsion torque on input shaft Tu1 is in 
equivalence with torsion torque Tu2 on output shaft. For determination on value of the torque 
Tu2 at current position of Cardan mechanism defined by rotation angle φ1, the method of 
possible movements is used. According to this method the result of actions of all elementary 
actions of active forces that act on the system during any possible movement is equal to zero 
[11]. For the static equivalence, the following relation must be satisfied: 
 
 1 1 2 2 0.u uT d T dϕ ϕ− =  (3) 
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On the basis of the assume that support bearings are rigid, the possible movement 
of the shafts 1 and 2 are only rotation defined by elementary angles dφ1 and dφ2. The 
relation between angles φ1 and φ2 is presented by equitation (1). By the transformation of the 
equitation (1) and using the equitation for static equivalence the torsion torque on output 
shaft can be determined in the following form: 
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while maximal force on branch of the cross shaft can be determined as: 
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The stress due to flexion at the basis of the branches of the cross shafts (critical cross section 
a-a, presented at Fig. 5) can be determined by following relation: 
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while shear stress can be determined by relation: 
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so result stress is equivalent to: 
 
 2 23 .sσ σ τ= + ⋅  (8) 

 
Values of the result loads at extreme rotation positions (φ1=0º and φ1=90º) and 

values of stresses obtained by analytic method using relations given in this paper are 
presented at Tab. 1. The values of the stresses that are obtained with neglecting the stresses 
concentrations are not relevant, so numeric calculations of stresses must be done. 
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Table 1: Load at cross shaft as function of variation of operation angle α12 in extreme 
positions 

 
 
2.2 Calculation of stresses by numeric method 
 

The design and process of project development of power transmitter with Cardan 
joint must be done with great care due to the set of constructional requirements that must be 
fulfil by design solution. The results obtained by analytic calculations cannot take as 
relevant in all cases because those calculations are done on simplified model. The method of 
numeric calculation by finite element analysis is the one of the methods that provides 
calculations on the mathematical models with real geometry. 

The analysis by FEM method is much more precise in relation to analytic method. 
The finite element method provides possibility of fast repeated calculations after 
modifications of some design details of considered element. In this paper the simulation of 
load at cross shaft done using the software package Autodesk Inventor Professional 2011 is 
presented. The analysis by finite element method require following procedure [7]: creation 
of geometric model, definition of material, discretization by finite elements, definition of 
support location and load limitations, the specification of location and characteristic of load, 
numeric calculation and interpretation of results. 

The basic considered model for analysis by FEM method in this paper is created 
upon the cross shaft. Geometric model made by Computer Added Design software packet is 
formed from simple geometrical shapes called geometric forms. The geometric model 
defines the real geometry of the considered element. The material of the all considered 
models in this paper is steel with following characteristic: elastic modulus E=2.07·105 MPa, 
Poisson’s ratio ν=0.287. 

The three dimensional tetrahedral discretization with density variation is done at 
first stage of numerical model generation. The zone of shape transition as zone of interest is 
discretized by the finite elements with smallest dimensions (Fig. 6) [9]. 
 

 
 

Figure 6: Discretization of numerical model 
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The border conditions are defined in according to theoretical considerations of 
stress state at cross shaft. The cross shaft is element with symmetry and four branches. The 
axes of the branches are in the same plain, forming the angle of 90o by them. The every 
branch is loaded by the same force transmitted from the yoke by the bearings. In the 
reference [4] numeric analysis is done for quarter of the cross shaft, only one branch loaded 
by one of the forces, but the numeric analysis in this paper is done for the whole cross shaft. 
The central zone is fixed and the each branch is loaded by the force in the interval from 30.3 
kN to 52.8 kN and variations of stresses on the basis of the branches of the cross shaft are 
analyzed, as consequence of variation of operation angle α12 and rotation angles φ1 and φ2. 
In order to numeric calculation has been done, it is necessary to repeat the procedure of 
structural analysis for every value of operation angle α12. The every analysis is done for 
different rotation position of shafts defined by rotation angle φ1 in interval between φ1=0º 
and φ1=180º due to symmetry of results from the position corresponding to half of the one 
rotation. Visualizations of results of calculations of stresses for different operating angles 
α12 and different rotation angle φ1 are presented at Fig. 7, Fig. 8, Fig. 9, Fig. 10, Fig. 11 and 
Fig. 12.  
 

  
 

Figure 7: Numeric analysis of stresses at 
cross shaft for angles α12=10º and φ1=0º 

 

 
Figure 8: Numeric analysis of stresses at 
cross shaft for angles α12=10º and φ1=90º 

 

  
 
Figure 9: Numeric analysis of stresses at 
cross shaft for angles α12=50º and φ1=0º 

 
Figure 10: Numeric analysis of stresses at 
cross shaft for angles α12=50º and φ1=90º 
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Figure 11: Numeric analysis of stresses at 
cross shaft for angles α12=55º and φ1=0º 

 
Figure 12: Numeric analysis of stresses at 
cross shaft for angles α12=55º and φ1=90º 

  
3. GRAPHICAL PRESENTATION AND ANALYSIS OF CALCULATION 
RESULTS 
 

The referent values of result stresses determined by analytic and numeric methods 
are presented at Fig. 13. 
 

 
 

Figure 13: Results of analytical and numerical calculations of maximal stresses as 
functions of rotation positions 

 
Referent analysis of result stresses obtained by analytic and numeric methods are based on 
values of relative variations expressed in % that are calculated in following form: 
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where is: Δσ – relative variation of considered value, σ – value obtained by numeric method, 
σ* – value obtained by analytic method. The compare presentation of relative variations of 
result stresses obtained by numeric method in relation to values obtained by analytic method 
is given at Fig. 14. To the aim of clear presentation of those variations every value from the 
considered interval of corresponding angle α12 is divide by corresponding value that is 
obtained for rotation angle φ1=0º. 

This presentation implicates that calculation of stresses by numeric method for 
different rotation angles have small differences from the values calculated by analytic 
method and that those differences are in allowable limits. 
 

 
 

Figure 14: Variation of result stress for different values of angle α12 
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The variation of result stress in function of variation of angles α12 and φ1 are 
illustrated at Fig. 15. 
 

 
 

Figure 15: Variation of result stress in function of different values of angles α12 and φ1 
 

With increase of angle α12 the result stress also increase but only for higher values 
of rotation angle φ1 (≈45º and higher). For the angles φ1 smaller than (≈45º) the decrease of 
result stresses are induced. The presentation at Fig. 15 also implicate the identification of 
angles that cause severe variation of stresses and it is, by that, recommended to avoid 
exploitation of Cardan shafts with those values of operating angles. 
 
CONCLUSIONS 
 
On the basis of the conducted analysis of the results the following conclusion can be done: 

• Diagrams of stresses obtained by numeric and analytic method are of the same 
variation forms that implicate that established model for numeric analysis are done 
on the base of correct constructional solution and obtained results can be taken as 
relevant for further analysis in this area in order to minimize the stress level, so as 
for dynamic and fatigue analysis.   

• Value of stresses obtained by numeric calculation are higher that results obtained 
by analytic method due to neglecting stress concentration for analytic method. The 
real shape transition zone from the central part to the branches at cross shaft is 
complex geometric form that provoked stress concentration and for precise 
determination of stresses the numeric analysis that considered real geometry must 
be done. 
Maximal values of stresses are obtained for the operation angles between input and 

output shaft of α12=55º and for rotation angle of φ1=90º. 
On the basis of the conclusions it can be stated that both analytic and numeric method 
provide relevant results for analysis of stress variation due to changing of the input 
parameters, but special care must be put on problems of motion and relative positions of 
certain elements in exploitation. The influence of variation in positions of Cardan power 
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transmitter elements is significant to variation of stresses at critical cross section at the basis 
of the branches at cross shaft. 
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