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Abstract A novel all-pass based infinite impulse response (IIR) digital multiple-
notch filter design method is presented in this paper. The proposed method ensures
that, for an arbitrary pass-bands ripple value, specifications regarding positions of
notch, left- and right-hand cutoff frequencies are exactly met, which leads to sym-
metric magnitude responses about notch frequencies. Although iterative in its na-
ture, proposed method requires a small number of iterations to find coefficients of
the multiple-notch filter, making it very useful for designers. Since the magnitude
response of the all-pass based IIR multiple-notch filter is more sensitive in the stop-
bands than in the pass-bands, sensitivity analysis along with simulation in limited
word-length environment is performed.

Keywords digital multiple-notch filter · digital all-pass filter · symmetric magnitude
response · least-square solution · worst-case sensitivity

1 Introduction

Digital multiple-notch filters are widely used in various applications [1–3] where
there exists the necessity to suppress certain frequency components from a signal
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spectrum simultaneously while keeping other spectral components intact. In general,
multiple-notch filters can be designed either as FIR (finite impulse response) or IIR.
Despite the fact that FIR multiple-notch filters are inherently stable and can be eas-
ily designed to have linear phase characteristic, narrower stopband widths (higher Q
factor) can be achieved with IIR multiple-notch filters having a rather small order.

There are several different approaches to the IIR multiple-notch filter design [4–
14]. Design based on a cascade connection of several second-order IIR single notch
filters inevitably leads to uncontrollable pass-band gains [6,7]. On the other side,
design methods based on the utilization of convex [8,9,12] or genetic algorithm
(GA) [13,14] optimization techniques are highly complex, particularly for a greater
number of notch frequencies. All-pass based IIR multiple-notch filter design methods
were first introduced in [4,5]. After transforming magnitude response specifications
of the multiple-notch filter to those of the phase response of an equivalent all-pass fil-
ter, a system of linear equations is constructed in order to determine the coefficients
of the all-pass filter. Generalization of non-iterative all-pass based IIR multiple-notch
filter design methods is given in [6].

While methods [8,10,11] does not take into account specified notch bandwidths,
methods given in [4–7,13] consider notch bandwidths specified at attenuation of 3-
dB. Either way, final bandwidths, in general, differ from the desired ones. In other
words, all specifications can not be exactly met by utilizing these methods. If final
bandwidths are narrower then specified ones, transient response to sinusoidal inter-
ferences will be longer, while wider bandwidths will lead to a distortion of frequency
components close to notch frequencies [15,16]. Only a few of these design methods
can be generalized to a case of an arbitrary attenuation value (i.e. pass-bands ripple
value) at cutoff frequencies, whereby it is worth to mention that Method I given in [6]
is the same method presented in [4,5] with overcame limitations regarding to tangent
operations.

The order of the all-pass filter characterizing the desired multiple-notch filter, ob-
tained by the utilization of fore-mentioned all-pass based design methods, is equal to
double the number of notch frequencies. The magnitude response of such a multiple-
notch filter is equal to absolute value of the cosine of half the phase response of corre-
sponding all-pass filter, which is monotonically decreasing function. Due to this fact,
obtained magnitude response in pass-bands has its minimum at cutoff frequencies.
Moreover, this fact provides the non-iterative nature of these methods, but all specifi-
cations can not be met. If the multiple-notch filter is desired to meet all specifications,
the order of the all-pass filter needs to be increased, which leads to a non-monotonic
behavior of the cosine function argument, i.e. the magnitude response in pass-bands
does not necessarily have its minimal value at cutoff frequencies. The IIR multiple-
notch filter design method proposed in this paper, although all-pass based, is iterative
in its nature. Obtained filter exactly meets desired specifications. This improvement,
as stated, has to come with a price of an increase in the order of the all-pass filter.

Once multiple-notch filter coefficients are determined, it can be realized using
one of several equivalent filter structures having different complexity and number
of elements. When choosing realization structure, the lowest sensitive one to co-
efficients quantization errors should be selected. Since the transfer function of the
multiple-notch filter is highly sensitive to coefficients quantization errors, due to the
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existence of poles lying close to the unit circle, its realization structure should be
considered with a great concern. Realization of the multiple-notch filter, using paral-
lel connection of a delay line and an all-pass filter, considered in this paper, exhibits
very low sensitivity in pass-bands. It is well known that sensitivity of the all-pass fil-
ter phase response to coefficients quantization errors can be considerably reduced if
it is realized by cascading first- and second-order all-pass sections, whose realization
structures strongly depends on corresponding poles locations [17–21].

The rest of the paper is structured as follows. In Sec. 2, magnitude response spec-
ifications of the multiple-notch are transformed to those of the phase response of the
equivalent all-pass filter. Nonlinear trigonometric relation between coefficients and
phase response of the all-pass filter is also discussed. Sec. 3 contains a detailed ex-
planation of the proposed iterative IIR multiple-notch filter design method, while sen-
sitivity considerations are given in Sec. 4. Design examples are considered in Sec. 5,
while a comparison of the proposed to existing all-pass based design methods that
can be generalized to a case of an arbitrary pass-bands ripple value, is presented in
Sec. 6. Finally, concluding remarks are given in Sec. 7.

2 Problem formulation

This paper deals with the design of IIR multiple-notch filter with K notch frequencies,
whose transfer function is assumed to be given by:

H(z) =
1
2

[
z−(N−2K)+QN(z)

]
(1)

where QN(z) is a transfer function of a stable all-pass filter of N-th order:

QN(z) = z−N

(
1+

N

∑
i=1

qizi

)(
1+

N

∑
i=1

qiz−i

)−1

(2)

The frequency response of the multiple-notch filter can be obtained by substitut-
ing z = exp( jω) in (1), followed by simple mathematical manipulations:

H (exp( jω)) = exp
{

j [ϕQ(ω)− (N−K)ω]
}
· cos [ϕQ(ω)−Kω] (3)

where:

ϕQ(ω) =
φQ(ω)+Nω

2
(4)

and φQ(ω) is a phase response of the all-pass filter QN(z).
Since, from equation (3), magnitude response of the multiple-notch filter can be

expressed as: ∣∣∣H (exp( jω))
∣∣∣= ∣∣∣cos [ϕQ(ω)−Kω]

∣∣∣, (5)

the multiple-notch filter’s magnitude response approximation problem can be formu-
lated as all-pass filter’s phase response approximation problem, i.e. approximation
problem of the function ϕQ(ω). Having in mind that the phase characteristic (re-
sponse) φQ(ω) of a stable IIR all-pass filter QN(z) is monotonically decreasing in
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the closed interval ω ∈ [0,π] and φQ(0) = 0, φQ(π) =−Nπ , the magnitude response
given by (5) will have near-one value in i−th pass-band, if ϕQ (ω)−Kω ≈−(i−1)π ,
for i = 1, . . . ,K + 1. On the other side, zero values of the magnitude response at
notch frequencies ωn,i will be obtained if ϕQ (ωn,i)−Kωn,i = −(2i−1)π/2, for
i = 1, . . . ,K.

2.1 Specifications of the multiple-notch filter

Multiple-notch filter specifications are given in the frequency domain and comprise
notch frequencies positions (ωn,i), notch bandwidths (BWi) and pass-bands ripple
value (a), for i = 1,2, . . . ,K. Left- and right-hand cutoff frequencies are related to
notch bandwidths as ωl,i = ωn,i−BWi/2 and ωr,i = ωn,i +BWi/2, i = 1,2, . . . ,K,
respectively.

Based on the previous discussion, all-pass filter QN(z) design constraints can be
formulated as:

ϕQ(ωn,i)−Kωn,i =−(2i−1)π/2 (6)∣∣ϕQ(ω)−Kω +(i−1)π
∣∣≤ ε = arccos10−a/20, ω ∈Pi (7)

for i = 1,2, . . . ,K +1, while i−th pass-band Pi is defined by:

P1 = {ω |0≤ ω ≤ ωl,1}, PK+1 = {ω |ωr,K ≤ ω ≤ π}
Pi = {ω |ωr,i−1 ≤ ω ≤ ωl,i}, i = 2, . . . ,K

(8)

It can be shown easily that if ϕQ(ω)−Kω is monotonically decreasing in the
closed interval ω ∈ [0,π] and if specifications are exactly met at cutoff frequencies:

ϕQ(ωl,i)−Kωl,i +(i−1)π =−ε

ϕQ(ωr,i)−Kωr,i + iπ = ε
(9)

where i = 1, . . . ,K, then constraints in pass-bands given by (7) are also fulfilled. This
is always the case for N = 2K, since ϕQ(ω)−Kω becomes equal to φQ(ω)/2, which
is monotonically decreasing function. However, this statement is not necessarily true
for N > 2K.

Equations (6) and (9) suggest that if the all-pass filter QN(z) is such that the
corresponding ϕQ(ω), defined by (4), passes through fixed 3K pairs (ωm,ϕQ(ωm)),
whose positions are independent of the all-pass filter degree:

(ωm,ϕQ(ωm)) =


(
ωl,dm/3e, Kωl,dm/3e−bm/3cπ− ε

)
, 〈m〉3 = 1(

ωn,dm/3e, Kωn,dm/3e− (bm/3c+0.5)π
)
, 〈m〉3 = 2(

ωr,bm/3c, Kωr,bm/3c−bm/3cπ + ε
)
, 〈m〉3 = 0

(10)

where m = 1,2, . . . ,3K, and 〈m〉3 is the remainder when m is divided by 3, then de-
sired specifications regarding positions of notch, left- and right-hand cutoff frequen-
cies will be exactly met. On the other side, this does not imply that specifications
given by (7) are met.
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Graphical interpretation of specifications defined by (7) and (10) is given in
Fig. 1a), while Fig. 1b) provides an insight of equivalent multiple-notch filter mag-
nitude response specifications. Specifications given by (10) are represented as black
dots, while regions defined by (7) are shaded. If ϕQ(ω) is such that it passes through
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Fig. 1 Graphical interpretation of specifications of IIR multiple-notch filter with symmetric magnitude
responses about notch frequencies

shaded regions (for ω ∈Pi∪Pi+1) and defined points, red solid line in Fig. 1a), all
specifications are met, Fig. 1b). The case when ϕQ(ω) passes through defined points
but not shaded region for ω ∈Pi, indicated by blue dotted line in Fig. 1a), results in
specifications violation in i−th pass-band, Fig. 1b).

2.2 Determination of the all-pass filter coefficients

Once specifications of the multiple-notch filter are transformed to those of an equiv-
alent all-pass filter, it is necessary to establish a mathematical relationship between
coefficients and the phase response of the all-pass filter. Since proposed method, in-
troduced later, assumes suitable decomposition of the all-pass filter transfer function
QN(z), i.e. unknown coefficients qi, for i = 1,2, . . . ,N, are determined indirectly, fol-
lowing discussion relates to all-pass filters in general. Derived conclusions will be
used in proposed algorithm.

Let PL(z) denotes the transfer function of the L−th order all-pass filter:

PL(z) = z−L

(
1+

L

∑
i=1

pizi

)(
1+

L

∑
i=1

piz−i

)−1

(11)

Determination of coefficients pi, for i = 1,2, . . . ,L, is based on relation [6]:

L

∑
i=1

pi
{

cos [φP(ω)+Lω− iω]+ sin [φP(ω)+Lω− iω]− cos iω− sin iω
}

= 1− cos [φP(ω)+Lω]− sin [φP(ω)+Lω]

(12)
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where φP(ω) is a phase response of the all-pass filter PN(z). By employing

ϕP(ω) =
φP(ω)+Lω

2
=−arg

{
1+

L

∑
i=1

piz−i

}
z=exp( jω)

(13)

in (12) and after a few simple trigonometric manipulations, equation (12) can be
rewritten as:

L

∑
i=1

pi sin [ϕP(ω)− iω] =−sinϕP(ω) (14)

Under the assumption that transfer function PL(z) has only simple poles (i.e. poles
of order 1), unknown coefficients vector p =

[
p1 p2 · · · pL

]T can be determined by
solving a system of linear equations if M ≥ L pairs

{
(ωm,ϕP(ωm))

∣∣m = 1,2, . . . ,M
}

are known. A unique solution for p exists if M = L and the system of equations is
well-defined, while for M > L obtained system of linear equations is overdetermined
and has only approximate solution [22,23].

3 The proposed method

The order of the all-pass filter characterizing multiple-notch filter in methods [4–
6] is equal to double the number of notch frequencies, i.e. N = 2K, which leads
to a nearly constant phase response of the all-pass filter in pass-bands. However,
obtained multiple-notch filter may not meet all specifications, while the magnitude
response is asymmetrical about notch frequencies. Therefore, an iterative algorithm
is proposed, by which the order N of the all-pass filter QN(z) and coefficients’ vector
q =

[
q1 q2 · · · qN

]T can be determined, so that specifications given by (6) and (7)
are exactly met. This can be achieved only if the order of the all-pass filter QN(z)
is greater than or equal to triple the number of notch frequencies, i.e. N ≥ 3K. The
proposed algorithm is applicable to both single- and multiple-notch filter design.

Since 3K pairs (ωm,ϕQ(ωm)), given by (10), are provided by specifications, sys-
tem of linear equations constructed by utilizing equations (10) and (14), for N = 3K
has the unique solution for q, given by:

q = G−1t (15)

where G =
[
gm,i
]

is 3K × 3K square matrix, while t =
[
t1 t2 · · · t3K

]T is a 3K × 1
column vector such that:

gm,i = sin [ϕQ(ωm)− iωm] , tm =−sinϕQ(ωm) (16)

Obtained ϕQ(ω), for N = 3K, does not necessarily satisfy design constraints given
by equation (7). In this case, the order of the all-pass filter has to be greater than 3K,
leading to an underdetermined system of linear equations constructed by using (10),
with infinite number of solutions for the unknown vector q. However, solutions of
interest are only those satisfying (7).
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Let us consider the following decomposition of the transfer function QN(z) of the
all-pass filter:

QN(z) = B3K(z)CN−3K(z) (17)

where B3K(z) and CN−3K(z) are transfer functions of two all-pass filters of orders 3K
and (N− 3K), respectively. Note, if N equals 3K, one has that QN(z) = B3K(z), i.e.
q = b =

[
b1 b2 · · · b3K

]T. Taking into account (13), equation (17) can be rewritten
as

ϕQ(ω) = ϕB(ω)+ϕC(ω) (18)

The idea is to utilize the all-pass filter B3K(z), i.e. its corresponding function ϕB(ω) to
set notch, left- and right-hand cutoff frequencies to their prescribed positions (equa-
tion (10)), while pass-bands ripple value is being jointly controlled by the all-pass
filter CN−3K(z), i.e. its corresponding function ϕC(ω), for N > 3K (equation (7)).
Namely, for a fixed value N > 3K, main steps in l−th (l ≥ 1) iteration of the pro-
posed algorithm are:

– update the coefficients vector c(l) =
[
c(l)1 c(l)2 · · · c(l)N−3K

]T
using previously deter-

mined b(l−1), in such a way that deviation of the pass-bands magnitude response
is minimized, which can be performed by utilizing one of many minimization
techniques. In this paper, we choose to determine the vector c(l) as the least-
square solution of the overdetermined system of linear equations, constructed by
setting the magnitude response of the multiple-notch filter to one at M > N−3K
distinct frequencies in pass-bands:

r = 1,2, . . . ,K +1 :
ω̃r,i = i∆ω +minPr,∣∣∣H (exp( jω̃r,i))

∣∣∣= 1 ⇒ ϕQ(ω̃r,i) = Kω̃r,i− (r−1)π

i = 1, . . . ,mr =

⌈
maxPr−minPr

∆ω
−1
⌉
,

(19)

where M =
K+1
∑

r=1
mr, and mr is the number of equidistant frequencies in the r−th

pass-band for r = 1,2, . . . ,K +1.
Based on the previous discussion and using equations (18) and (19), c(l) should
be determined such that:

ϕ
(l)
C (ω̃r,i) = Kω̃r,i− (r−1)π−ϕ

(l−1)
B (ω̃r,i), i = 1,2, . . . ,mr (20)

for r = 1,2, . . . ,K + 1. System of linear equations constructed by using (14)
and (20) has a least-square solution for the coefficients vector c(l) given by:

c(l) =


W(l)

1

W(l)
2
...

W(l)
K+1


†

y(l)1

y(l)2
...

y(l)K+1

 (21)
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where † is a pseudo-inverse matrix operator, W(l)
r =

[
w(l,r)

i,k

]
is a mr× (N−3K)

matrix and y(l)r =
[
y(l,r)1 y(l,r)2 · · · y(l,r)mr

]T
is a mr×1 column vector such that:

w(l,r)
i,k = sin

[
(K− k)ω̃r,i−ϕ

(l−1)
B (ω̃r,i)

]
, y(l,r)i =−sin

[
Kω̃r,i−ϕ

(l−1)
B (ω̃r,i)

]
(22)

– update the coefficients vector b(l) using c(l), such that specifications regarding
to positions of notch, left- and right-hand cutoff frequencies are satisfied. Using
equations (10) and (18), desired ϕ

(l)
B (ωm) for m = 1,2, . . . ,3K, can be determined

as

ϕ
(l)
B (ωm) = ϕQ(ωm)−ϕ

(l)
C (ωm) (23)

System of linear equations, constructed by utilizing equations (14) and (23) has
the unique solution for the coefficients vector b(l) given by:

b(l) = V(l)−1
s(l) (24)

where V(l) =
[
v(l)m,i

]
is a 3K× 3K square matrix, while s(l) =

[
s(l)1 s(l)2 · · · s(l)3K

]T

is a 3K×1 column vector such that:

v(l)m,i = sin
[
ϕQ(ωm)−ϕ

(l)
C (ωm)− iωm

]
, s(l)m =−sin

[
ϕQ(ωm)−ϕ

(l)
C (ωm)

]
(25)

for m = 1,2, . . . ,3K.

Mentioned steps are repeated until either all specifications are met or maximum
value (in all pass-bands) of the left side of the inequality (7) cannot be further mini-
mized. In the latter case, order of the all-pass filter has to be increased. Pseudo-code
for the proposed IIR multiple-notch filter design procedure is given in Algorithm 1.
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Algorithm 1: Proposed iterative algorithm for the IIR multiple-notch filter
design

Initialize: l = 0;
N = 3K;
Determine q(0) = b(0) using (15);

temp = max
ω∈Pi

1≤ i≤K+1

∣∣ϕ(0)
Q (ω)−Kω +(i−1)π

∣∣;
if temp > ε then

N = N +1;
εmax = (N +1)π;
while εmax > ε do

l = l +1;
Determine c(l) using (21);
Determine b(l) using (24);

temp = max
ω∈Pi

1≤ i≤K+1

∣∣ϕ(l)
Q (ω)−Kω +(i−1)π

∣∣;
if temp < α · εmax then

εmax = temp;
else

N = N +1;
εmax = (N +1)π;

end
end
b = b(l);
c = c(l);

else
b = b(0);
c =

[ ]
;

end

Note, for N > 3K, if either of the unknown coefficients vectors b and c is fixed,
then the solution to the other one has a closed-form.

Convergence factor α , whose value is close to one, ensures that algorithm con-
verges more rapidly. However, its value should be chosen with great concern. If the
chosen value is too low, the order of the obtained all-pass filter (hence, multiple-
notch filter) will be increased unnecessarily. On the other side, if the chosen value is
too close to one, number of iterations will increase. According to many runs of pro-
posed algorithm for various examples, it was adopted that optimal convergence factor
value equaled 0.985. This value corresponds to the relative error (temp− εmax)/εmax
equal to −1.5%.

3.1 Convergence speed

The proposed algorithm is applicable to both single- and multiple-notch filter design.
In case of the single-notch filter design, the order of the corresponding all-pass filter
equals 3, i.e. its coefficients are determined in iteration zero, for ωn ∈ [0.1π,0.9π] rad,
a ∈ [0.15,3] dB and BW ∈ [0.004π,0.1π] rad (which can be proved numerically).

On the other side, the order and the coefficients of the all-pass filter character-
izing the multiple-notch filter, are obtained in a small number of iterations – if they
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are not obtained in the iteration zero. To support this claim, a series of algorithm
runs was performed for various notch-bandwidths and pass-band ripple values, and
for two minimum values of pass-band widths between notch frequencies (0.05π and
0.075π), assuming α = 0.985, ∆ω = π/20 as well as notch frequencies from a finite
set of frequencies ΩN = {0.1π,0.125π,0.15π, . . . ,0.9π}. Obtained maximum num-
ber of iterations (worst-case) are given in Tab. 1 for the cases when number of notch
frequencies K equals to 2, 3 and 4.

Table 1 The maximum number of iterations needed for algorithm to converge for various notch-
bandwidths and pass-band ripple values, ωn,i ∈ ΩN, i = 1,2, . . . ,K, and K = 2,3,4. Minimum value of
pass-band widths between notch frequencies is greater than or equal to 0.05π (0.075π).

min
2≤i≤K

{maxPi−minPi} ≥ 0.05π (0.075π)

K = 2 BW/π [rad]

0.004 0.008 0.01 0.05 0.075 0.10

a [dB]

0.15 1 (0) 1 (0) 2 (1) 4 (2) 3 (2) 3 (1)
0.72 1 (0) 1 (0) 1 (1) 3 (1) 3 (1) 3 (1)
1.29 1 (0) 1 (0) 1 (1) 4 (1) 3 (1) 1 (1)
1.86 0 (0) 1 (0) 1 (0) 4 (1) 1 (1) 1 (1)
2.43 0 (0) 1 (0) 1 (0) 4 (1) 1 (1) 1 (1)
3.00 0 (0) 1 (0) 1 (0) 4 (1) 1 (1) 1 (0)

K = 3 BW/π [rad]

0.004 0.008 0.01 0.05 0.075 0.10

a [dB]

0.15 7 (7) 8 (8) 8 (7) 18 (8) 17 (7) 12 (4)
0.72 6 (6) 13 (7) 13 (6) 9 (6) 8 (5) 5 (0)
1.29 5 (4) 13 (5) 12 (6) 8 (5) 6 (5) 3 (0)
1.86 6 (4) 10 (5) 10 (5) 9 (5) 6 (3) 2 (0)
2.43 6 (2) 10 (4) 10 (5) 10 (3) 6 (1) 2 (0)
3.00 6 (5) 10 (4) 11 (4) 8 (3) 4 (1) 2 (0)

K = 4 BW/π [rad]

0.004 0.008 0.01 0.05 0.075 0.10

a [dB]

0.15 7 (2) 16 (2) 21 (2) 19 (6) 19 (2) 2 (0)
0.72 5 (1) 11 (1) 13 (4) 14 (4) 6 (1) 1 (0)
1.29 5 (1) 13 (1) 16 (5) 10 (5) 5 (1) 1 (0)
1.86 6 (1) 13 (1) 12 (5) 10 (1) 5 (1) 1 (0)
2.43 9 (1) 10 (5) 14 (4) 9 (1) 2 (1) 1 (0)
3.00 12 (1) 22 (1) 17 (1) 9 (1) 2 (0) 1 (0)

When pass-band widths between notch frequencies are greater than or equal to
0.075π rad, the order and coefficients of the all-pass filter are obtained in less than
10 iterations. Maximum number of iterations (worst-case) slightly increases if the
minimum pass-band width is set to be equal to 0.05π rad, partially due to increased
order of the obtained all-pass filter, but primarily due to adopted convergence factor
value. However, choosing lower value of convergence factor α will decrease worst-
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case number of iterations in some, but increase in other cases. The latter will result in
unnecessary increase of obtained all-pass filter order.

3.2 The dependence of the all-pass filter QN(z) order and the maximum pole radius
on the pass-bands ripple value and notch bandwidths

There is no exact mathematical relationship between the order of the all-pass filter
QN(z) and magnitude response specifications of the multiple-notch filter. A lower
value for N is highly desirable, among other things due to a lower group-delay in
pass-bands. Furthermore, hardware realization complexity increases if the filter has
poles close to the unit circle, due to high sensitivity to coefficient quantization errors.

The orders of the all-pass filter QN(z) and maximum pole radiuses ρmax for K = 2,
ωn,1 = 0.25π , ωn,2 = 0.375π , BW=BW1 =BW2 ∈ [0.004π,0.12π] and a∈ [0.15,3]
dB, obtained by the proposed algorithm, are illustrated in Fig. 2a) and Fig. 2b), re-
spectively. Number or iterations for algorithm to converge is given in Fig. 2c). As can
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Fig. 2 ωn,1 = 0.25π, ωn,2 = 0.375π . a) The order N of the all-pass filter QN(z). b) Maximum pole radius
ρmax. c) Number of iterations for algorithm to converge.

be observed in Fig. 2a), for small enough values of notch bandwidths (BW < 0.04π),
the order N of the all-pass filter QN(z) equals triple the number of notch frequen-
cies, for all a ∈ [0.15,3] dB; however, hardware complexity is expected to be high,
since the maximum pole radius is very close to one, which is particularly true if a is
less, Fig. 2b). On the other side, if BW is higher, N increases and correspondingly
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the number of iterations required for algorithm to converge. In the limiting case,
i.e. when BW approaches its upper boundary value (width of the pass-band between
notch frequencies, ωn,2−ωn,1−BW, approaches 0.005π ≈ 0) and a approaches its
lower boundary value, the order N of the all-pass filter QN(z) has its maximum, as
well as the number of iterations, Fig. 2c).

For a fixed value of a, with BW increasing from its lower boundary value, the
maximum pole radius decreases from its maximum (red color in Fig. 2b)) to its min-
imum value (blue/green or yellow color, depending on the pass-bands ripple value
a), after which it starts to increase. This suggests that in some cases even stronger
specifications can be met, with decreasing maximum pole radius ρmax and/or order
N at the same time. For example, if specifications are such that BW = 0.08π and
a = 3 dB, one obtains that N = 7 and ρmax = 0.9157. However, if BW is set to 0.06π ,
keeping a unchanged, obtained N and ρmax are equal to 6 and 0.8839, respectively.
This means that both order and maximum pole radius decrease. On the other side, if
BW = 0.07π and a = 1.75 dB, only maximum pole radius decreases (0.8912), while
the order N remains at 7.

Similar conclusions can be drawn for the multiple-notch filter with any number
of and arbitrary position of notch frequencies, which was verified through many runs
of the proposed algorithm.

4 Sensitivity considerations

Generally speaking, once multiple-notch filter coefficients are determined, it can be
realized using one of several equivalent filter structures. If IIR multiple-notch filter
is realized by parallel connection of delay line and all-pass filter QN(z), a relative
sensitivity of the filter magnitude response to changes of multiplier coefficients d j is
not useful for comparing different structures, since division by zero (infinitely high
attenuation at notch frequencies) is not possible:

S|H|d j
(ω) =

d j∣∣H(exp( jω))
∣∣ ∂

∂d j

∣∣H(exp( jω))
∣∣ (26)

Hence, semirelative sensitivity of the magnitude response to changes of multiplier
coefficients d j will be used:

S̃|H|d j
(ω) = d j

∂

∂d j

∣∣H(exp( jω))
∣∣ (27)

along with corresponding worst-case semirelative sensitivity function:

WS|H|(ω) = ∑
j

∣∣∣S̃|H|d j
(ω)
∣∣∣ (28)

Furthermore, if all-pass filter QN(z) is realized by cascading first- and second-order
all-pass sections, which leads to a significant reduction of overall sensitivity [17–19,
21]:

ϕQ(ω) = ∑
i

ϕQi(ω), (29)
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and employing (5), equations (27) and (28) can be rewritten as:

S̃|H|d j
(ω) =−sgn(cos(ϕQ(ω)−Kω))sin(ϕQ(ω)−Kω) S̃

ϕQ
d j
(ω) (30)

WS|H|(ω) =
∣∣∣sin(ϕQ(ω)−Kω)

∣∣∣∑
i

∑
j

∣∣∣S̃ϕQi
d j

(ω)
∣∣∣ (31)

where:

S̃
ϕQ
d j
(ω) = d j

∂

∂d j
ϕQ(ω), S̃

ϕQi
d j

(ω) = d j
∂

∂d j
ϕQi(ω) (32)

denote semirelative sensitivities of ϕQ(ω) and ϕQi(ω) to the change of the multiplier
coefficient d j.

It is evident, from (31), that the worst-case sensitivity of multiple-notch filter
magnitude response can be reduced by selecting realization structures for each first-
and second-order sections which have low semirelative sensitivities S̃

ϕQi
d j

(ω) [17–19,
21]. After the adoption of suitable realization structures taking into account sections
given in [17–19,21] and if fixed-point implementation is considered, fractional part
lengths for every multiplier coefficient d j can be determined in order to keep perfor-
mances of the multiple-notch filter as close as possible to desired. Namely, if relative
change in values of all multiplier coefficients is less than:

δ =
10−anotch/20

max
1≤k≤K

WS|H|(ωn,k)
, (33)

the attenuation in dB at notch frequencies ωn,k, k = 1, . . . ,K, will be greater than or
equal to the prescribed value anotch. A more precise determination of fractional part
lengths for coefficients involves consideration of the individual semirelative sensitiv-
ity functions S̃

ϕQi
d j

(ω) and their contribution to the worst-case semirelative sensitivity,
which leads to adoption of different values for the relative change of each multiplier
coefficient.

5 Design examples

The efficiency of the proposed algorithm will be verified by designing two multiple-
notch filters. In both examples, ∆ω was assumed to have the value of π/20, Eq. (19),
while convergence factor α equals 1.

Example 1: Specifications of the multiple notch filter with K = 2 are:
ωn,1 = 0.25π, ωn,2 = 0.375π, BW1 = 0.08π, BW2 = 0.1π, a = 0.15 dB.

Given specifications are met for N = 7 (after 2 iterations), and obtained filter
has poles whose radiuses ρ , and phase angles θ are given in Tab. 2. Last two
columns contain names of first- and second-order all-pass sections and their transfer
functions which correspond to the lowest sensitivity realization structures. These
sections were chosen among many given in [17–19,21].



14 Ivan Krstić et al.

Table 2 Example 1. Radiuses and phase angles of multiple-notch filter poles

ρ θ/π [rad] Section Transfer function

0.961453308136 ±0.249527181294 ST2A
1−2d1−2(1−d1)(1−2d2)z−1 + z−2

1−2(1−d1)(1−2d2)z−1 +(1−2d1)z−2

0.943391899363 ±0.375804659065 KW2A
1+d3−d4− (d3 +d4)z−1 + z−2

1− (d3 +d4)z−1 +(1+d3−d4)z−2

0.603534059283 ±0.333473298081 MH2A
d5d6−d5z−1 + z−2

1−d5z−1 +d5d6z−2

0.488058692602 1 MH1
−d7 + z−1

1−d7z−1

The magnitude response of a multiple-notch filter in dB and the phase response
of the all-pass filter QN(z) are illustrated in Fig. 3a) and Fig. 3b). Worst-case semirel-
ative sensitivity of multiple-notch filter magnitude response and semirelative sensi-
tivities of magnitude response to changes of multiplier coefficients d j, j = 1,2, . . . ,7,
are shown in Fig. 4a) and Fig. 4b). As can be seen in Fig. 4, magnitude response
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Fig. 3 Example 1. a) The magnitude response of the multiple-notch filter in dB. b) The phase response of
the all-pass filter QN(z)

is most sensitive in stop-bands, and to relative changes of multiplier coefficients d2
and d4, that correspond to sections whose poles are close to the unit circle. Since
max

{
WS|H|(ωn,1),WS|H|(ωn,2)

}
= 12.4643, a relative change in coefficients val-

ues should be less than 0.45% (33), if the attenuation at notch frequencies is desired
to be at least 25 dB. If the fixed-point implementation is considered, fractional part
lengths for multiplier coefficients d1,d2, . . . ,d7 are equal to 13, 11, 9, 9, 7, 7 and 9
bits, respectively. Simulation in the limited word-length environment gives values of
the magnitude response at frequencies ωm, m = 1,2, . . . ,6, as follows: 0.1542 dB,
36.0675 dB, 0.1475 dB, 0.1444 dB, 30.3726 dB and 0.1548 dB.

Example 2: Specifications of the multiple notch filter with K = 3 are: ωn,1 =
0.2π, ωn,2 = 0.4π, ωn,3 = 0.8π , BW1 = 0.06π, BW2 = 0.1π , BW3 = 0.075π , a =
1 dB.
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Fig. 4 Example 1. a) The worst-case semirelative sensitivity of the magnitude response. b) Semirelative
sensitivities of the magnitude response to changes of multiplier coefficients d j, j = 1,2, . . . ,7

In this case, given specifications are met for N = 9, which is the lowest value
for the order of the all-pass filter QN(z) that can be obtained by the algorithm. The
magnitude response of the multiple-notch filter in dB and the phase response of the
all-pass filter QN(z) are given in Fig. 5a) and Fig. 5b). IIR multiple-notch filter poles
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Fig. 5 Example 2. a) The magnitude response of the multiple-notch filter in dB. b) The phase response of
the all-pass filter QN(z)

in terms of radiuses ρ and phase angles θ are given in Tab. 3.
As in the previous example, sections that exhibit the lowest sensitivity (for each

pole location) were chosen from those given in [17–19,21], and the worst-case
semirelative sensitivity of the multiple-notch filters magnitude response and semirel-
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Table 3 Example 2. Radiuses and phase angles of multiple-notch filter poles

ρ θ/π [rad] Section Transfer function

0.948472209582 ±0.199828022531 ST2A
1−2d1−2(1−d1)(1−2d2)z−1 + z−2

1−2(1−d1)(1−2d2)z−1 +(1−2d1)z−2

0.941360544561 ±0.799950705486 KW2B
d3 +d4−1− (d3−d4)z−1 + z−2

1− (d3−d4)z−1 +(d3 +d4−1)z−2

0.904353710814 ±0.400541701653 KW2A
1+d5−d6− (d5 +d6)z−1 + z−2

1− (d5 +d6)z−1 +(1+d5−d6)z−2

0.476010759000 ±0.351330174875 IS
d7 +(−d8−2d7 +d7d8)z−1 + z−2

1+(−d8−2d7 +d7d8)z−1 +d7z−2

0.360632453554 1 MH1
−d9 + z−1

1−d9z−1

ative sensitivities of the magnitude response to changes in multiplier coefficients
d j, j = 1,2, . . . ,9, were calculated, Fig. 6.
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Fig. 6 Example 2. a) The worst-case semirelative sensitivity of the magnitude response. b) Semirelative
sensitivities of the magnitude response to changes of multiplier coefficients d j, j = 1,2, . . . ,9

The magnitude response of the multiple-notch filter is most sensitive about notch,
left- and right-hand cutoff frequencies, which leads them to drift from their specified
positions. However, from the determined worst-case semirelative sensitivity of the
magnitude response function, using (33), if the attenuation at notch frequencies is
desired to be at least 30 dB, the relative change in coefficients values should be less
than 0.32%. This corresponds to 12, 9, 11, 6, 10, 10, 7, 13 and 10 bits, needed for
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fractional parts of multiplier coefficients d1,d2, . . . ,d9, respectively, if fixed-point im-
plementation is considered. Simulation in the limited word-length environment has
verified the design accuracy, since following values of the magnitude response at fre-
quencies ωm (m = 1,2, . . . ,9) were obtained: 1.0078 dB, 38.0572 dB, 0.9813 dB,
0.9902 dB, 43.0531 dB, 0.9977 dB, 1.0285 dB, 42.1863 dB and 1.0346 dB.

6 Comparison to existing methods

Not all of all-pass based IIR digital multiple-notch filter design methods [4–7] can be
generalized to a case of an arbitrary attenuation value (i.e. pass-bands ripple value) at
cutoff frequencies. As mentioned, Method I given in [6] is the same method presented
in [4,5] with overcame limitations regarding to tangent operations. Furthermore, nei-
ther one of those methods guarantees that specifications are exactly met.

However, for the sake of comparison, two methods guaranteeing that specifica-
tions regarding notch frequencies positions are exactly met were chosen: Method I
(specifications regarding positions of notch and left-hand cutoff frequencies are met)
and Method II (specifications regarding positions of notch and right-hand cutoff fre-
quencies are met) given in [6].

While 2K unknown coefficients of multiple-notch filters designed by Methods I
and II [6] are determined by solving the system of 2K linear equations, proposed de-
sign method requires solving a system of 3K equations with 3K unknown variables in
every iteration, and a system of M equations with (N−3K) unknown variables in the
least-square sense in every but the zeroth iteration. Hence, computational complexity
of the proposed method is higher than for Methods I and II [6].

Magnitude responses of multiple-notch filters from examples 1 and 2, obtained
by utilizing these two methods as well as the proposed one, are presented in Fig. 7. As
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Fig. 7 Magnitude responses in dB obtained by proposed (solid line) and Methods I and II from [6] (dotted
and dashed line, respectively) of the multiple-notch filter from a) Example 1 and b) Example 2

expected, there is a clear drift of left- (Method I – dotted line) and right-hand (Method
II – dashed line) cutoff frequencies from their specified positions. As a result, some of
obtained notch bandwidths are narrower, which is more noticeable in case of the filter
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from example 1, Fig. 7a), while some of them are wider than specified. Responses of
filters from both examples to the sum of sinusoidal interferences

x[n] =
K

∑
k=1

k
10

sin
(

n ·ωn,k + k · π
3

)
(34)

are given in Fig. 8. As expected, duration of transient response of the filter from ex-
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Fig. 8 Responses to sum of sinusoidal interferences, Eq. (34), obtained by proposed and Methods I and II
from [6] of the multiple-notch filter from a) Example 1, b) Example 2

ample 1 designed by proposed method is shorter compared to those of filters designed
by considered methods from [6], Fig. 8a). In case of the filter from example 2, since
obtained bandwidths when utilizing Methods I and II are close to those specified,
Fig. 7b), durations of transient responses are comparable, Fig. 8b).

Multiple-notch filters designed using proposed algorithm gives higher group-
delay value in pass-bands, Fig. 9, compared to those designed by using Methods I
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and II [6], due to a higher order of the all-pass filter characterizing multiple-notch
filter in the proposed design.
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Fig. 9 Group-delays obtained by proposed, Methods I and II from [6] of the multiple-notch filter from a)
Example 1, b) Example 2

Phase responses of all-pass filters from examples 1 and 2, obtained by using the
proposed as well as Methods I and II [6] are given in Fig. 10. While phase responses
obtained by Methods I and II approximate −2(i− 1)π (constant function), phase
responses obtained by proposed method approximate−2(i−1)π−ω(N−2K) (linear
function of frequency) in i−th pass-band, for i = 1,2, . . . ,K +1.
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Fig. 10 Phase responses obtained by proposed, Methods I and II from [6] of the all-pass filter QN(z) from
a) Example 1, b) Example 2

7 Conclusion

In this paper, novel all-pass based IIR digital multiple-notch filter design method is
presented. Although iterative in its nature, the order and coefficients of the all-pass
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filter characterizing the desired multiple-notch (or single-notch) filter can be obtained
in a small number of iterations. Resulting filter exactly meets all specifications, i.e.
its magnitude response is symmetrical about notch frequencies. The order of the all-
pass filter characterizing multiple-notch filter is always greater than or equal to triple
the number of notch frequencies, which is higher compared to existing all-pass based
design methods; however, these methods can not guarantee that specifications of the
multiple-notch filter are exactly met. Multiple-notch filter with approximately linear
phase characteristic in pass-bands can be obtained if the pass-bands ripple value is
decreased. If notch bandwidths are narrow, the order of the obtained all-pass filter, in
this case, usually equals triple the number of notch frequencies.
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