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Summary

The paper investigates the least-square design of minimum-order infinite impulse
response multi-notch filters. Monotonically decreasing nature of the stable allpass
filter’s phase response, characterizing the allpass-based multi-notch filter, along with
the simple relation between coefficients and the phase response of the allpass filter,
allows the formulation of the multi-notch filter’s magnitude response specifications
as the linear equality constraints regarding the positions of notch, left- and right-hand
cutoff frequencies. Since the number of such constraints equals triple the number
of notch frequencies, while the number of unknown filter coefficients equals double
the number of notch frequencies, variable elimination is first performed to ensure
that specifications regarding the notch frequencies positions are strictly satisfied.
The remaining overdetermined system of linear equations is then solved in the least-
square sense, leading to the approximate satisfaction of left- and right-hand cutoff
frequencies positions. Proposed design method is also compared with some of the
existing infinite impulse response multi-notch filter design methods.
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1 INTRODUCTION

Digital multi-notch filters are required in various applications, among which navigation satellite system receivers1, preprocess-
ing of the electrocardiogram2,3 and electromyogram4 signals, frequency estimation5,6, and dynamic weighing systems7. The
purpose of the multi-notch filter is to suppress a certain number of input signal spectral components while passing the other
components unchanged. While digital multi-notch filter can be designed as finite-impulse or infinite-impulse response (IIR)
filter, the order of the IIR multi-notch filter is considerably lower compared to its finite-impulse response counterpart.
It is well known that very narrow notch-bandwidths of the IIR multi-notch filter can be obtained if poles are placed close to

the unit circle. This, however, leads to the prolonged transient response duration8,9 and lower stability margin10. Various IIR
multi-notch filter design methods can be found in the literature, while great majority of them can be classified into one of the
following three approaches: cascading11,12, optimal poles placement13,14,15, and allpass-based16,17,18,19.
Transfer function of the IIR multi-notch filter, when the cascading approach is considered, is obtained by cascading several

IIR single-notch filters. This approach is known to provide good results if notch frequencies are well separated and notch-
bandwidths are narrow. Otherwise, uncontrollable gain between notch frequencies occurs8,17. Methods of the second approach,
ie. the optimal poles placement one, formulates the IIR multi-notch filter design problem as the optimization problem with
unknown poles positions. The methods method presented in14,15 assume assumes known poles radiuses and utilize utilizes
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particle swarm optimization14 and the Nelder-Mead simplex method15 to obtain the unknown phase angles, while in13 an
iterative quadratic programming algorithm is proposed to obtain the unknown poles’ locations. Themain drawback of the optimal
poles placement methods is that maximal passbands gains are not equal.
Regarding the allpass-based approach, specifications of the multiple notch filter’s magnitude response are first transformed

into the specifications of the corresponding allpass filter’s phase response. Then, if the order of the IIR multi-notch filter equals
double the number of notch frequencies (which is the minimum value of the IIR multi-notch filter order), a set of linear equations
is established and solved for the unknown filter coefficients16,17,18. On the other hand, if the order of the IIR multi-notch filter
is not minimal, unknown filter coefficients can be determined by solving the quadratic programming optimization problem19.
The practical success of the minimum-order IIR multi-notch filter allpass-based design methods lies in a fact that these methods
are characterized by simple expressions for the coefficients values. Additionally, allpass-based IIR multi-notch filters can be
realized using efficient lattice structures.
In this paper, a new design of the minimum-order allpass-based IIR multi-notch filters is proposed. The novelty of this method

lies in simultaneous utilization of This method simultaneously utilizes design specifications regarding left- and right-hand cutoff
frequencies, while the specifications of the notch frequencies positions are strictly satisfied. Namely, it should be pointed out
that existing allpass-based design methods from17,16, that guarantee the satisfaction of the notch frequencies positions, do not
directly utilize either right- or left-hand cutoff frequencies. On the other hand, allpass-based design method from18 does not
directly utilize neither left- nor right-hand cutoff frequencies as it assumes all poles having the same radius. It shows that filters
designed using the proposed method can have higher stability margin and lower deviations of the realized left- and right-hand
cutoff frequencies from the specified values, compared to minimum-order allpass-based IIR multi-notch filters designed using
existing design methods from16,17.
The rest of the paper is structured as follows. In Sec. 2, an allpass-based IIR multi-notch filter design problem is formulated. A

design method is discussed in Sec. 3, while comparison with some of the existing design methods is provided in Sec. 4. Finally,
concluding remarks are drawn in Sec. 5.

2 PROBLEM FORMULATION

Transfer function of the minimum-order allpass-based IIR multi-notch filter is of the following form
H (z) = 1

2
[1 + A (z)] , (1)

where A (z) is the stable allpass filter of order 2K with single poles

A (z) = z−2K
1 +

∑2K
k=1 pkz

k

1 +
∑2K
k=1 pkz−k

, (2)

and K is the number of notch frequencies. Substituting z = ej! in (1), followed by some mathematical manipulations yields
H

(
ej!

)
= ej�(!)∕2 ⋅ cos � (!)

2
, (3)

where � (!) is the phase response of the allpass filter A (z):

� (!) = −2K + 2 arctan
∑2K
k=1 pk sin (k!)

1 +
∑2K
k=1 pk cos (k!)

. (4)

Now, as Specifications of the IIR multi-notch filters comprise K notch frequencies, denoted by !n,i, i = 1, 2, … , K , and K
notch-bandwidths Δ!i, for i = 1, 2, … , K , specified at attenuation of a dB. Left- and right-hand cutoff frequencies are related
to the specified notch-bandwidths as

!l,i = !n,i −
Δ!i
2
,

!r,i = !n,i +
Δ!i
2
,

(5)

for i = 1, 2, … , K , respectively. , and Therefore, since magnitude response of the IIR multi-notch filter derived from (3) equals
|||H

(
ej!

)||| =
||||cos

� (!)
2

|||| , (6)
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from the monotonically decreasing nature of the stable allpass filter’s phase response (while � (0) = 0 and � (�) = −2K�)11,16,
it can be concluded that specifications regarding notch, left- and right-hand cutoff frequencies are satisfied if � (!) satisfies

�
(
!l,i

)
= −2 (i − 1)� − ", (7)

�
(
!n,i

)
= − (2i − 1)�, (8)

�
(
!r,i

)
= −2i� + ", (9)

for i = 1, 2, … , K , where
" = 2 arccos 10−a∕20. (10)

Ideally, the allpass filter’s coefficients vector
ppp =

[
p1 p2 … p2K

]T , (11)
should be determined such that 3K equations given by (7), (8) and (9) are satisfied. However, this is not possible, in general, as
there are only 2K unknown coefficients.

3 DESIGN METHOD

As the phase response of the allpass filter and its coefficients are related by
2K∑
k=1

pk sin
(
� (!)
2

+ (K − k)!
)
= − sin

(
� (!)
2

+K!
)
, (12)

which follows from (4), equations (7), (8) and (9) can be rewritten as
ΨΨΨL ⋅ ppp = 


L, (13)
ΨΨΨN ⋅ ppp = 


N , (14)
ΨΨΨR ⋅ ppp = 


R, (15)

whereΨΨΨL =
[
 (L)ki

],ΨΨΨN =
[
 (N)ki

] andΨΨΨR =
[
 (R)ki

] are K × 2K matrices, while 


L =
[

 (L)k

], 


N =
[

 (N)k

] and 


R =
[

 (R)k

] are
K × 1 column matrices with elements

 (L)ki = sin
(
!l,k (K − i) − "

2

)
, 
 (L)k = − sin

(
K!l,k −

"
2

)
,

 (N)ki = cos
(
!n,k (K − i)

)
, 
 (N)k = −cos

(
K!n,k

)
,

 (R)ki = sin
(
!r,k (K − i) + "

2

)
, 
 (R)k = − sin

(
K!r,k +

"
2

)
.

(16)

Obviously, all 3K linear equations given in matrix notation by (13), (14) and (15) cannot be simultaneously satisfied since
there are only 2K unknowns. Hence, following design method is proposed:
a) First, to guarantee exact satisfaction of specifications regarding the notch frequencies positions, (14) is substituted in (13)

and (15). In other words, variable elimination is performed. Thus, equations (13) and (15) become
(
ΥΥΥL −ΦΦΦL ⋅ΦΦΦ−1N ⋅ΥΥΥN

)
⋅ pppx = 


L −ΦΦΦL ⋅ΦΦΦ−1N ⋅ 


N , (17)(

ΥΥΥR −ΦΦΦR ⋅ΦΦΦ−1N ⋅ΥΥΥN
)
⋅ pppx = 


R −ΦΦΦR ⋅ΦΦΦ−1N ⋅ 


N , (18)

whereΥΥΥL,ΥΥΥN ,ΥΥΥR,ΦΦΦL,ΦΦΦN andΦΦΦR are K ×K matrices related toΨΨΨL,ΨΨΨN andΨΨΨR as
ΨΨΨL =

[
ΦΦΦL ΥΥΥL

]
, ΨΨΨN =

[
ΦΦΦN ΥΥΥN

]
, ΨΨΨR =

[
ΦΦΦR ΥΥΥR

]
, (19)

while ppp is partitioned as
ppp =

[
pppe
pppx

]
, (20)

and pppe is the K × 1 vector of eliminated coefficients
pppe = ΦΦΦ−1N ⋅

(



N −ΥΥΥN ⋅ pppx

)
, (21)

note (14).
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b) Second, system of 2K equations in K unknowns, given by (17) and (18), is solved in the least-square sense:

pppx =
[
ΥΥΥL −ΦΦΦL ⋅ΦΦΦ−1N ⋅ΥΥΥN
ΥΥΥR −ΦΦΦR ⋅ΦΦΦ−1N ⋅ΥΥΥN

]†
⋅
[



L −ΦΦΦL ⋅ΦΦΦ−1N ⋅ 


N



L −ΦΦΦL ⋅ΦΦΦ−1N ⋅ 


N

]
, (22)

where † denotes Moore–Penrose inverse. Therefore, specifications of the left- and right-hand cutoff frequencies are
approximately satisfied.
An interesting case occurs when specifications of the IIR multi-notch filter are such that !n,k = � − !n,K−k+1 and Δ!k =

Δ!K−k+1 for k = 1, 2, … , K , ie. when there is a symmetry of the design specifications about! = �∕2. In this case it shows that
utilization of the proposed IIR multi-notch filter design method yields p1 = p2 =⋯ = p2K−1 = 0, that is, onlyK multiplications
are required by the IIR multi-notch filter.

4 COMPARISONWITH THE EXISTING DESIGN METHODS

Proposed design method is compared to existing minimum-order allpass-based IIR multi-notch filter design methods from16,17
that guarantee the satisfaction of notch frequencies positions. While these methods consider 3 dB notch-bandwidths, they can
be generalized to a case of an arbitrary attenuation value at which notch-bandwidths are specified. Note that such generalization
is not possible for the design method presented in18, as the radius of the poles is derived from the 3 dB notch-bandwidths and it
is assumed that identical notch-bandwidths result in all poles having the same radius. A brief description of methods from16,17,
used for comparison with the proposed one follows:
1) Utilization of the Method I from17 guarantees exact satisfaction of specifications regarding the positions of notch and left-

hand cutoff frequencies. This method is the same as method presented in16, however limitations regarding the tangent
operations are overcame. Actually, after some mathematical manipulations performed to equations characterizing Method I
in17, one can obtain equations (13) and (14). Therefore, vector ppp, that correspond to the transfer function obtained by utilizing
the generalization of Method I 17 to an arbitrary attenuation value at which notch-bandwidths are specified, is determined by

ppp =
[
ΨΨΨL
ΨΨΨN

]−1
⋅
[



L



N

]
. (23)

2) Utilization of the Method II from17 guarantees exact satisfaction of specifications regarding the positions of notch and right-
hand cutoff frequencies. Similar to the previous case, it shows that vector ppp, that correspond to the transfer function obtained
by utilizing the generalization of Method II 17 to an arbitrary attenuation value at which notch-bandwidths are specified, can
be determined as a solution to the system of equations given by (14) and (15), ie.

ppp =
[
ΨΨΨN
ΨΨΨR

]−1
⋅
[



N



R

]
. (24)

While Method I from17 does not directly utilize the right-hand cutoff frequencies, ie. (15), Method II from17 does not directly
utilize left-hand cutoff frequencies, ie. (13). In this sense, one can treat the proposed design method as the ’missing’ one in17,
since both (13) and (15) are simultaneously utilized in the design process.
Filter designed using proposed and existing allpass-based design methods from16,17 are compared in terms of the maximum

pole radius �max, and relative deviations of the realized left- and right-hand cutoff frequencies, denoted by !′l,i and !′r,i, from the
specified values: �!l,i =

(
!′l,i∕!l,i − 1

)
⋅100% and �!r,i =

(
!′r,i∕!r,i − 1

)
⋅100%, respectively, and realized notch-bandwidths

Δ!′i = !
′
r,i − !

′
l,i. Note that if �!l,i ≥ 0 or �!r,i ≤ 0 specifications are exactly or over satisfied at i-th left- or right-hand cutoff

frequency, respectively, otherwise specifications are under satisfied. On the other hand, lower maximum pole radius leads to
the shorter transient response duration8,9 and higher stability margin10. Obviously, �!l,i = 0 for i = 1, 2, … , K , if filters are
designed using Method I 17, while �!r,i = 0 for i = 1, 2, … , K , if Method II 17 utilized.
As the first example, following specifications of the IIR multi-notch filter are considered: !n,1 = 0.3�, !n,2 = 0.7�, Δ!1 =

Δ!2 = 0.1�, a = 2 dB. Relative deviations of realized left- and right-hand cutoff frequencies from specified ones in percents,
�!l,i and �!r,i, and realized notch-bandwidths Δ!′i, for i = 1, 2, as well as the maximum pole radius of IIR multi-notch
filters designed using proposed and existing design methods from17 are given in Tab. 1. As can be observed, specifications
regarding first left- and second right-hand cutoff frequencies are under satisfied by 0.9% and 0.3%, respectively, when proposed
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design method utilized, while specifications regarding second right- and first left-hand cutoff frequencies are under satisfied by
0.58% and 1.75%, respectively, when Methods I and II 17 considered. Therefore, as for the first example, IIR multi-notch filter
designed using Method I 17 outperforms the other two filters. On the other, a filter designed using the proposed design method
has the highest stability margin, ie. the lowest maximum pole radius, and outperforms the filter designed using Method II 17.
Furthermore, realized notch-bandwidths of the filter designed using the proposed design method are narrower than the specified
values, which is not the case when design methods from17 are considered.

TABLE 1 Example 1. Relative deviations of realized left- and right-hand cutoff frequencies from the specified ones in percents,
realized notch-bandwidths, and maximum pole radii of IIR multi-notch filters designed using proposed and existing design
methods from17.

Proposed, �max = 0.8814 Method I 17, �max = 0.8875 Method II 17, �max = 0.8875
i �!l,i �!r,i Δ!′i∕� �!l,i �!r,i Δ!′i∕� �!l,i �!r,i Δ!′i∕�

1 −0.90 −0.78 0.0995 0 −1.58 0.0945 −1.75 0 0.1044
2 0.42 0.30 0.0995 0 0.58 0.1044 0.85 0 0.0945

As the second example, following specifications of the IIR multi-notch filter are considered: !n,1 = 0.2�, !n,2 = 0.4�,
!n,3 = 0.7�,Δ!1 = Δ!2 = Δ!3 = 0.1�, a = 2.2 dB. �!l,i, and �!r,i andΔ!′i for i = 1, 2, 3, and �max that correspond to the IIRmulti-notch filters designed using proposed and existing design methods from17 are given in Tab. 2. For this specifications set,
filter designed using the proposed design method outperforms both filters designed using existing methods from17, as relative
deviations of cutoff frequencies where specifications are under satisfied are less than 0.85% compared to 2.58% and 6.09%when
Methods I and II 17 utilized, respectively. Furthermore, filter obtained using the proposed design method also has the highest
stability margin and its realized notch-bandwidths are narrower than the specified ones, which is not the case when design
methods from17 are considered.

TABLE 2 Example 2. Relative deviations of realized left- and right-hand cutoff frequencies from the specified ones in percents,
realized notch-bandwidths, and maximum pole radii of IIR multi-notch filters designed using proposed and existing design
methods from17.

Proposed, �max = 0.8811 Method I 17, �max = 0.8855 Method II 17, �max = 0.8929
i �!l,i �!r,i Δ!′i∕� �!l,i �!r,i Δ!′i∕� �!l,i �!r,i Δ!′i∕�

1 −0.13 −4.28 0.0895 0 −6.22 0.0845 −6.09 0 0.1091
2 3.54 −0.37 0.0859 0 1.92 0.1086 4.85 0 0.0830
3 1.25 0.85 0.0982 0 2.59 0.1195 2.23 0 0.0855

As the third example, following specifications of the IIR multi-notch filter are considered: !n,1 = 0.1, !n,2 = 0.2�, !n,3 =
0.4�, !n,4 = 0.8�, Δ!1 = Δ!2 = 0.06�, Δ!3 = 0.08�, Δ!4 = 0.1�, a = 3 dB. �!l,i, and �!r,i and Δ!′i for i = 1, 2, 3, 4,
and �max that correspond to the IIR multi-notch filters designed using proposed and existing design methods from17 are given
in Tab. 3. For the considered IIR multi-notch filter specifications, proposed design method outperforms by far the other two
considered methods since specifications are under satisfied only by 0.02% and only at the fourth left-hand cutoff frequency.
Furthermore, realized notch-bandwidths of the filter designed using the proposed design method are narrower or equal to the
specified notch-bandwidths, which is not the case when design methods from17 are utilized. On the other hand, specifications
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are under satisfied by the other two filters at three cutoff frequencies, note Tab. 3. In this example, however, filter obtained using
the proposed design method has the lowest stability margin. Magnitude responses of obtained filters in dB are shown in Fig. 1.

TABLE 3 Example 3. Relative deviations of realized left- and right-hand cutoff frequencies from the specified ones in percents,
realized notch-bandwidths, and maximum pole radii of IIR multi-notch filters designed using proposed and existing design
methods from17.

Proposed, �max = 0.9396 Method I 17, �max = 0.9088 Method II 17, �max = 0.9287
i �!l,i �!r,i Δ!′i∕� �!l,i �!r,i Δ!′i∕� �!l,i �!r,i Δ!′i∕�

1 13.92 −11.11 0.0358 0 −8.15 0.0494 −6.32 0 0.0644
2 6.94 −3.86 0.0393 0 4.55 0.0705 7.85 0 0.0467
3 1.34 −0.42 0.0770 0 4.93 0.1017 3.32 0 0.0680
4 −0.02 −0.02 0.1000 0 0.48 0.1041 0.13 0 0.0990

0 0.1 0.2 0.4 0.8 1
−3

0

!∕�

20
lo
g 1

0
| | |H

( ej
!
) | | |,d

B

FIGURE 1 Example 3. Magnitude responses of filters designed using proposed (solid), Method I 17 (dashed) and Method II 17
(dotted line).

5 CONCLUSION

The least-square design of minimum-order allpass-based IIR multi-notch filter is presented in the paper. Specifications of the
multi-notch filter’s magnitude response are first formulated as linear equality constraints, and variable elimination is performed
to guarantee exact satisfaction of the notch frequencies positions. The remaining overdetermined system of linear equations is
then solved in the least-square sense. As opposed to the existing allpass-based design methods from16,17, specifications regarding
the left- and right-hand cutoff frequencies are simultaneously utilized by the proposed design method. Results of comparison
with the existing minimum-order allpass-based IIR multi-notch filter design methods suggest that utilization of the proposed
method can result in transfer functions having higher stability margins (ie. lower pole radiuses lower maximum radius of the
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poles), and lower relative deviations of realized left- and right-hand cutoff frequencies from the specified ones, and narrower
realized notch-bandwidths than the specified ones.
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