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1. Introduction

The planetary gear transmissions are widely used in 
industrial applications for motion and power transmission such 
as automotive, aerospace, robotics, machinery etc., because of 
their significant advantages including the compact structure, self-
centering capability, high power density, high transmission ratios, 
high degree of efficiency, durability in operation, low level of noise 
and vibrations. 

Design of planetary gear transmissions depends on a large 
number of parameters, some of those are: material, module, 
addendum, profile shift, tooth thickness, dedendum, cutter tip 
radius, pressure angle, gear width etc. The analysis and 
optimization of one simple planetary gearbox marked as Ahab  was 
performed in this paper. The letters in the mark Ahab  mean: A-the 
single-sided satellite, b-the fixed gear (internal toothed gear), a-the 
central gear (driving gear), h-the satellite carrier (connected to the 
output shaft) [1], [2]. Planetary gearbox of this type is shown in 
Figure 1, and next to already mentioned gears and satellite carrier, 
it consists of three satellites (g), as well.

The optimization of a simple planetary gear train was 
performed by authors of [3], they were observing the results 
obtained by changing the number of gear teeth, module, number 
of satellites and gear width. For development of a mathematical 
model for multi objective optimization they used the Puerto and 
ELECTRE methods and noticed that the correlations between 
used methods are obvious. This kind of approach shows that 
the other planetary gear transmission types can be subjects of 
the multi objective optimization. The multi objective approach 
in optimization is much faster with the use of the Taguchi-Grey 
method. For optimization of the plastic gear production authors 
in [4] applied the hybrid integration of Taguchi parametric 
design, the Grey relational analysis and the principal component 
analysis. For demonstration of efficiency and validity of the 

proposed hybrid optimization methods, in controlling all the 
influential injection molding processing parameters during the 
plastic gear manufacturing, a plastic gear was used. The optimal 
combination of different process parameters is determined in 
order to minimize the shrinkage behavior in tooth thickness, 
addendum circle and dedendum circle of the molded gear. They 
concluded that the proposed optimization method can produce 
a plastic-molded gear with minimum shrinkage behavior of 
1.8% in tooth thickness, 1.53% in addendum circle and 2.42% in 
dedendum circle and it should be noted that these values are less 
than the values in the main experiment. Therefore, defects related 
to shrinkage that lead to severe failure in plastic gears can be 
effectively minimized while satisfying the demand of the global 
plastic gear industry [5].

The Taguchi method is a well-known optimization method, 
which is used in a variety of applications [5], [6]. Application 
of this method ensures savings in labor and time costs, with 
simultaneously examining several parameters in several 
experimental conditions, providing the quantitative information, 
[7], [8]. Limitation of the Taguchi method is that it can only be 
applied to solve individual objective problems and cannot be used 
for problems with multiple objectives optimization, especially 
when there are different performance characteristics needed. 
However, this problem has been overcome and the optimization 
of multiple objectives can be performed by combining the 
Taguchi method and the Grey relational analysis to optimize the 
multiple characteristics [9]. Combination of the Taguchi method 
and the Grey relational analysis was used for optimization of 
the EDM process (Electrical Discharge Machining) in [10]. 
Parameters of machining (workpiece polarity, pulse on time, duty 
factor, open discharge voltage, discharge current and dielectric 
fluid) were optimized considering the multiple performance 
characteristics including material removal rate, surface roughness 
and electrode wear ratio. The Taguchi-Grey method was really 
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material, module and the gear width, was analyzed to obtain 
the largest value of the safety coefficient. The planetary gearbox 
considered in this paper was chosen since it is the simplest one; 
the Taguchi-Grey method can be successfully applied for other 
types of planetary gearboxes that are more complex than the 
considered gearbox, with taking into account some restrictions.

2. Experiments’ design

The Taguchi method is one of the most useful techniques 
for a single-response optimization studies used for a number 
of engineering problems. When there is a multi-response 
optimization of processes, the use of Taguchi methodis is not 
reliable and it should be combined with some other method, e.g. 
the Grey relational analysis.

The experiments were designed using the Taguchi design of 
experimental methods, which are based on an orthogonal array 
of experiments, resulting in optimal setting of the process control 
parameters. The orthogonal array provides a set of balanced 
experiments with less number of experimental runs, in order to 
evaluate the optimal parameters. For computing of the Taguchi 
data and data analysis the MiniTab 16 was used.

In this paper, the orthogonal array L27 was chosen, which 
provides the least combination of parameters in a matrix. Those 
parameters were different and in this way the direct effect on the 
observed output was achieved. The chosen input parameters of 
the planetary gearbox are material, module and the gear width 
and they are all parameters of the third level. Levels of chosen 
parameters and their marks are listed in Table 1.

The Taguchi method employs the signal to noise (S/N) 
ratio, to measure the performance of the process response. The 
(S/N) ratio, being the ratio of the mean to standard deviation, 
can effectively consider the variation encountered in a set of 

needed for optimization of the EDM process because material 
removal rate is the higher-the-better performance characteristics 
and the surface roughness and electrode wear ratio are the lower-
the-better performance characteristics - improvement of one 
performance characteristics may require a degradation of the 
other performance characteristics. This is the main reason that 
optimization of the multiple performance characteristics is much 
more complicated than optimization of a single performance 
characteristics. The Taguchi-Grey method has proven in this 
case that the machining performance in the EDM process can 
be effectively improved. Another successful application of the 
Taguchi-Grey method was in the color filter manufacturing [11] for 
improving the yield of Chrome (Cr) thin-film sputtering process 
of the black matrix (BM) and to find the robust parameters of 
the process with multiple quality characteristics, as well. For 
the experiment, the Taguchi L9 orthogonal array was chosen 
and the two quality characteristics and four control factors with 
three levels were considered. The correlation between the quality 
characteristics was considered and, for elimination of the multiple 
colinearity, the principal component analysis was applied. The 
entropy measurement method was applied for obtaining the 
weights of the quality characteristics. After confirmation of the 
experiment, it was concluded that manufacturing with optimal 
parameters, obtained by the Taguchi-Grey method, can reduce 
the opportunities of the repair and rework of the Cr thin-film and 
raise the yield.

The Taguchi-Grey method can be applied in various aspects 
of industry, from optimization of processes to optimization of 
a single machine or part of a machine.  

In this paper, the Taguchi-Grey method was applied for 
optimization of the safety coefficient for the surface durability of 
the entire planetary gearbox. The safety coefficients for the surface 
durability of the first gear pair a-g (S

H1-2
) and the second gear pair 

g-b (S
H2-3

) were considered. Influence of parameters, such as the 

             
                                              (a)      (b)

Figure 1 Planetary gearbox of type Ahab : (a) Schematic presentation and (b) the 3D appearance of the planetary gearbox

Table 1 Control factors with their levels

Control factors Units Level I Level II Level III

Material (A) / 16МnCr5 28Cr4 C15E

Module (B) [mm] 2.50 2.75 3.00

Gear width (C) [mm] 30 33 36
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3.  Optimization using the Grey relational analysis 

When there are multiple outputs, a combination of the 
Taguchi method and the Grey relational analysis is usually 
used for optimization. In this case, the Grey relational analysis 
is used to generate a single response for the two performance 
characteristics. Like in the Taguchi design, in the Grey relational 
analysis, there are also three quality characteristics: the-higher-the-
better, the-nominal-the-better and the-lower-the-better. 

In Table 2 are given experimental results, the Grey grade, 
the signal-to-noise ratio (S/N) for the Grey grade and results are 
ranked. Basically, the larger the Grey relational grade is, the closer 
the product quality will be to the ideal value.

In this paper, for the desired higher values of the safety 
coefficients of surface durability of a planetary gearbox at the 
output (the-higher-the-better quality characteristics), normalizing 
in the range of 0 - 1 was done according to the following equation 
[12]: 

max min
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y k y k

y k y k
i

i i
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^
^h h

h
h
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experimental runs. The (S/N) ratios, which are log functions of 
a desired output, serve as the objective functions for optimization, 
help in the data analysis and prediction of the optimum results. 
There are three types of the (S/N) ratio analyses that are generally 
applicable: the-higher-the-better, the-nominal-the-better and the-
lower-the-better [7].

In this study, the higher-the-better quality characteristics has 
been used for calculating the (S/N) ratio for the Grey grade of the 
responses. The (S/N) ratio can be calculated using the following 
equation:
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where y
i  

is the performance value of the i-th experiment and n is 
the number of experiments. 

Results of all 27 experiments and the corresponding (S/N) 
ratios for the Grey grade are shown in Table 2. 

Table 2 Experimental design using the L27 orthogonal array

Exp.

No
A B C

Experimental results
The Grey 

grade
S/N for the 
Grey grade

Rank
SH1-2

S
H2-3

1 16МnCr5 2.50 30 1.31 2.36 0.36716 -8.70297 25

2 16МnCr5 2.50 33 1.37 2.47 0.40345 -7.88425 21

3 16МnCr5 2.50 36 1.42 2.57 0.44152 -7.10098 19

4 16МnCr5 2.75 30 1.44 2.59 0.45408 -6.85741 17

5 16МnCr5 2.75 33 1.51 2.71 0.51924 -5.69263 12

6 16МnCr5 2.75 36 1.57 2.82 0.59492 -4.51088 8

7 16МnCr5 3.00 30 1.58 2.82 0.60218 -4.40554 7

8 16МnCr5 3.00 33 1.64 2.95 0.71780 -2.87995 4

9 16МnCr5 3.00 36 1.71 3.07 0.89541 -0.95958 2

10 28Cr4 2.50 30 1.33 2.39 0.37743 -8.46331 24

11 28Cr4 2.50 33 1.39 2.5 0.41588 -7.62063 20

12 28Cr4 2.50 36 1.45 2.61 0.46306 -6.68725 16

13 28Cr4 2.75 30 1.46 2.63 0.47241 -6.51365 15

14 28Cr4 2.75 33 1.53 2.75 0.54334 -5.29850 11

15 28Cr4 2.75 36 1.59 2.87 0.63134 -3.99473 6

16 28Cr4 3.00 30 1.51 2.86 0.57470 -4.81114 10

17 28Cr4 3.00 33 1.67 2.99 0.77659 -2.19617 3

18 28Cr4 3.00 36 1.74 3.12 1.00000 0.00000 1

19 C15E 2.50 30 1.24 2.24 0.33333 -9.54243 27

20 C15E 2.50 33 1.3 2.34 0.36149 -8.83814 26

21 C15E 2.50 36 1.35 2.44 0.39174 -8.14002 23

22 C15E 2.75 30 1.37 2.46 0.40161 -7.92385 22

23 C15E 2.75 33 1.43 2.57 0.44544 -7.02428 18

24 C15E 2.75 36 1.49 2.68 0.50000 -6.02060 13

25 C15E 3.00 30 1.49 2.68 0.50000 -6.02060 13

26 C15E 3.00 33 1.56 2.8 0.58017 -4.72887 9

27 C15E 3.00 36 1.62 2.92 0.68159 -3.32956 5
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The experimental data are analyzed by using the Taguchi 
signal-to-noise ratio to measure the performance of the 
process response. The (S/N) ratio is the objective function for 
optimization and with the use of a logarithmic function it helps 
in data analysis and in prediction of the optimal results. In this 
paper, the-higher-the-better quality characteristics was used for 
calculating the (S/N) ratios of the responses [5], [6], [7]. In this 
way, the multiple response problems are converted into a single 
response problem. 

4. Analysis of variance

Analysis of variance (ANOVA) is a statistical model used for 
finding the most influential parameter that contributes towards 
the outputs and how the variations in inputs affect the outputs. 
This method is easy to understand and use when the number of 
parameters is small.

The effect of material, module and gear width on the safety 
coefficients for the surface durability of a planetary gearbox was 
analyzed with the 95% confidence level and 5% significance level 
[13]. The probability values show the level of significance of 
each factor, the parameter is highly statistically significant if the 
corresponding P value is less than 0.05. Table 3 shows the results 
of the ANOVA for multi-performance characteristics.

According to the ANOVA, the most significant control 
parameter is the module with contribution of about 68.17%, 
followed by the gear width with 18.02% and material with 10.09%. 
Interactions of observed parameters are insignificant because 
their effects on the safety coefficients were negligible. Analysis 
of parameters’ influences was obtained from the response tables 
of the mean (S/N) ratio and the results are listed in Table 4. The 
larger values of the (S/N) ratio correspond to the better quality, 
thus the optimal combination of design parameters was obtained 
as A2B3C3, which is also shown in Figure2.

where: k is the number of factors, in range 1-3, i is the experiment 
number, in range 1-27, max y ki ^ h  is the highest experimental 
value for the k-th output and min y ki ^ h  is the lowest experimental 
value for the k-th output [13].

For the-smaller-the-better quality characteristics and the-
nominal-the-better quality characteristics Equation (3) and 
Equation (4) are used, respectively [13]:
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The absolute difference value is calculated according to 
expression [13]:

x k x ki i0 0D = -^ ^h h  (5) 

where: x k0 ^ h  is the referential normalized value x x 10 =^ ^ h h .
The Grey relational coefficient is calculated according to [9], 

[12]:
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where: minD  and maxD  are the lowest and the highest values of 
absolute difference, respectively, ζ is the distinguishing coefficient 
in the interval 0 ≤ ζ ≤ 1; if the weighting of output is equal, then  
ζ  = 0.5 [5], [12].  

Then, the Grey relational grade ic^ h  can be calculated 
according to:

n k1
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1
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where n is the number of outputs; ic  has to be as high as possible.

Table 3 Analysis of variance for the (S/N) ratios for the Grey grade

Source DF Seq SS Adj SS Adj MS F P Pr %

A 2 15.748 15.748 7.8738 118.89 0.000 10.09

B 2 106.377 106.377 53.1883 803.11 0.000 68.17

C 2 28.120 28.120 14.0602 212.30 0.000 18.02

A*B 4 1.140 1.140 0.2849 4.30 0.038 0.73

A*C 4 0.820 0.820 0.2049 3.09 0.081 0.53

B*C 4 3.304 3.304 0.8260 12.47 0.002 2.12

Residual Error 8 0.530 0.530 0.0662 0.34

Total 26 156.038 100.00

DF - degree of freedom, Seq SS - Sequential sum of squares, Adj SS - Adjusted sum of squares, Adj MS - Adjusted mean square, F-value, Pr-percentage 
of contribution

Table 4 Response for the Grey grade

Level A B C

1 -5.444 -8.109 -7.027

2 -5.065 -5.982 -5.796

3 -6.841 -3.259 -4.527

Delta 1.776 4.850 2.500

Rank 3 1 2
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durability of a planetary gearbox are for material 28Cr4, 
module of 3 mm and the gear width of 36 mm. The Grey grade 
for this optimal combination of parameters is 1 and the (S/N) 
ratio is 0; 

• Based on results from the applied methods, one can conclude 
that the Taguchi-Grey method can be applied for optimization 
of the safety coefficients for the surface durability of 
a planetary gearbox.
Results of this research suggest that the complex optimization 

of the multi-response problems with the Taguchi method can be 
easily simplified by adding the Grey relational analysis. Joined 
strength of these two methods has given more precise safety 
coefficients for the surface durability of a planetary gearbox.

Note: Shorter version of this research was presented at “SEMDOK 
2018” Conference, reference [14].
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In Figure 3 are presented the contour plot (Figure 3a) and 
the surface plot (Figure 3b) of combined effect of module and the 
gear width on the Grey grade for the safety coefficients of surface 
durability of a planetary gearbox.

Based on the carried out analysis and on the plots shown in 
Figure 3, it can be concluded that the highest surface durability 
of a planetary gearbox is achieved for the highest values of the 
module and the gear width.

5. Conclusions

In this study, the Taguchi’s orthogonal array with the Grey 
relational analysis was used to optimize the multiple performance 
characteristics and the following conclusions were drawn: 
• According to results of the ANOVA analysis, the main 

contributing factors, affecting the safety coefficients for the 
surface durability of a planetary gearbox, were material, 
module and the gear width, with contributions of 10.09%, 
68.17% and 18.02%, respectively. Interaction of parameters 
B*C (module*gear width) has influence of 2.12%, interactions 
of other parameters had negligible influences; 

• The optimal combination of parameters, according to the 
Taguchi-Grey analysis is A2B3C3, which means that the 
highest values of the safety coefficients for the surface 

a) b)

Figure 2 Plots of the (S/N) ratio for the safety coefficients for the durability of a planetary gearbox: a) main effects plot; b) interaction plot

         
a)                                                                                                             b)

Figure 3 Response plots of combined effect of module and gear width on the surface durability of a planetary gearbox: a) contour plot; b) surface plot
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